Relativistic Non-Hermitian Quantum Mechanics 
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We develop relativistic wave equations in the framework of the new non-hermitian VT quantum 
mechanics. The familiar hermitian Dirac equation emerges as an exact result; we also find new 
models with properties that have no counterpart in hermitian quantum mechanics. For example in 
an 8-dimensional representation of the PT-generalized Dirac equation, non-hermitian mass matrices 
allow for flavor oscillation of two generations of neutrinos, even with an effective mass of zero for the 
neutrino. This violates what has become in recent years the conventional wisdom, that neutrinos 
must have mass in order to account for the observation of flavor oscillations. The PT-generalized 
Dirac equation is also Lorentz invariant, unitary in time, and CPT respecting, even though as a non- 
interacting theory it violates V and T individually. The relativistic wave equations are reformulated 
as canonical fermionic field theories to facilitate the study of interactions, and shown to maintain 
many of the canonical structures from hermitian field theory, but with tantalizing new possibilities 
permitted by the non-hermiticity parameter m2. 



A fundamental tenet of quantum mechanics is that 
operators, including the Hamiltonian, are represented 
by hermitian matrices. Ten years ago Bender et al. [l[ 
showed that this principle can, to an extent, be relaxed. 
Hermiticity is assumed in the canonical formulation of 
quantum mechanics to ensure that operators have real 
eigenvalues; Bender showed hermiticity is sufficient but 
not necessary for this purpose, that real eigenvalues 
and indeed a consistent quantum mechanics can be for- 
mulated under a set of more general requirements, in 
lieu of hermiticity. His theory is called VT quantum 
mechanics because of the integral role played by the 
parity {V) and time-reversal (T) operators. Prior ef- 
forts in VT quantum mechanics have focused on even 
time reversal (T^ = 1); in a previous paper we ex- 
tended the formalism to the odd case 

(7-2 = -1) f| 
since that is the case relevant to fermions. 

In his seminal work on relativistic wave equations 
Dirac of course assumed that the corresponding Hamil- 
tonian would be hermitian since that is a fundamental 
tenet of quantum mechanics [1]. The purpose of this 
Letter is to explore whether VT quantum mechanics 
permits new forms of the Dirac equation and hence 
particles of a hitherto unknown kind 0]. 

Conventionally relativistic fermions are described by 
the Dirac Hamiltonian 



Hr 



-icx-\7 + j3 



(1) 



where a and f3 are matrices that satisfy the Dirac al- 
gebra {ai,aj} = 2dij, {ai,/3} = 0. The Dirac equation 
is more commonly written in terms of 7 matrices but 
its hermiticity (or lack thereof) is more manifest in the 
given Hamiltonian form. 

Because the formalism of VT quantum mechanics 
bears such a strong resemblance to ordinary hermitian 
quantum mechanics, we find it useful to first review 



three familiar examples from ordinary Dirac theory, (i) 
Weyl fermions correspond to the 2x2 representation of 
the Clifford algebra, ai = at (left handed) or ai = —Oi 
(right handed) and the mass matrix /? = 0; here di 
are Pauli matrices. Thus Weyl fermions are massless 
particles with dispersion E — ±p. (ii) Dirac fermions 
correspond to the 4x4 'Dirac representation' of the 
Clifford algebra, in which a is the direct sum of the left 
handed and right handed Weyl representations and /3 
is non-zero: 
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This is the celebrated Dirac equation; effectively it 
corresponds to a pair of left and right handed Weyl 
fermions coupled now by the mass term, with disper- 
sion E = ± a/p^ _|_ J7j2 ^ (jjj^ The Quartet model cor- 
responds to an eight-dimensional representation of the 
Clifford algebra that is reducible to a direct sum of four 
Weyl representations 



(3) 
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The mass matrix is given by 

/3- 





Mt 



M 




where M — 



TOlCTo 
7713(70 



7772170 
7^4 CTo 



(4) 

(Jo denotes the 2x2 identity matrix and the tti's are ar- 
bitrary complex numbers. The Dirac quartet decouples 
into a pair of independent Dirac fermions, with disper- 
sion E — ±-y/p2 _|_ ^2 g^j^^ ^ _ ±-^p2 ^ ^2 .^^J^QJ-Q 

and /i2 are the singular values of the matrix M; thus 
the Dirac quartet can be considered a toy model of two 
generations of Dirac neutrinos. 
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To elaborate upon this, suppose the Hamiltonian U) 
is written in an interaction basis. Unless the mass 
matrix vanishes, the flavor eigenstates and the eigen- 
states of the Hamiltonian are misaligned leading to 
the phenomenon of neutrino oscillations. The standard 
model is incapable of describing massless neutrino os- 
cillations. Hence the definitive observation of neutrino 
oscillations within the last decade has been equated 
with a non-zero neutrino mass 

Now let us explore variations on the Dirac theory 
permitted by VT quantum mechanics. We assume eq 
^ still holds but neither the Hamiltonian nor the ma- 
trices a. and (3 need be hermitian. We assume par- 
ity consists of Vip{r) = S'ip{—r) where S* is a ma- 
trix to be determined, and time reversal consists of 
T -0(r) — Zip*{r). We keep the forms of a, S and Z 
open and allow the principles of special relativity and 
VT quantum mechanics to fix these matrices. There 
are six conditions we impose in order to construct a 
VT theory consistent with relativity; note that the first 
three are also imposed in hermitian Dirac theory and 
the last three substitute for hermiticity: (a) a and f3 
obey the Dirac algebra. From the a's we construct the 
boost and rotation generators as usual, (b) For P and 
T to be compatible with the boosts and rotations we 
need Za* — —aiZ and [5, ai]+ = 0. (c) We assume 
T^ = —1,V^ = 1 and that T and V commute; this 
gives ZZ* = -1, 52 = 1 and S'Z = ZS* respectively, 
(d) The Hamiltonian is assumed to commute with VT^ 
which requires a,SZ = SZa* and PSZ = SZP*. (e) 
Hu is 'self-dual', meaning {(j), Hjjip)'pq- = {H£i(j),'ili)vT 
for any (j) and if) This ensures that the eigen- 

vectors of Ho will be orthogonal under the CVT in- 
ner product. Self-duality simplifies to ai ~ Z^ctf 
and P = -Z^/3^Zt. (f) Finally we require that Hd 
have unbroken VT symmetrj^ which ensures the en- 
ergy eigenvalues will be real [4]. 

We now present two examples of relativistic VT 
quantum mechanics, (i) Model 4- We choose ai to be 
a direct sum of left and right handed representations, 
i.e.. 









-Wa,W- 



(5) 



and we successively apply the conditions (b)-(e) to re- 
strict the form of ai,P,S and Z. The end result of 
the analysis is that these matrices have precisely the 
same form as in the Dirac equation. Indeed Model 4 
is equivalent in every particular (including inner prod- 
uct) to the Dirac equation. It is a compelling feature of 
VT quantum mechanics that it contains within it the 
Dirac equation. Details will be presented elsewhere Q 
as in this Letter we wish to concentrate on the new, 
trans-Dirac physics, (ii) Model 8: We choose ai to 



be the direct sum of a pair of left-handed and a pair 
of right-handed non-hermitian representations, condi- 
tions (b)-(e) leave us with identical a's as in the Dirac 
quartet model. However the mass matrix (3 for Model 
8 has the general form 



/3 = 
M = 





M* 



M 




where 



(mo + m3)cro {mi - im2)(Jn 
{mi im2)ao (mo - m3)cro 



(6) 



which is very different from the quartet model. For the 
special case m2 = indeed this is a special case of the 
quartet model mass matrix. However for m2 ^ the 
Model 8 mass matrix is manifestly non-hermitian! 

To gain insight into the new physics of Model 8 
we solve it for the simplest non-trivial special case 
mi = ma = keeping the non-hermiticity parame- 
ter m2 arbitrary. We find that for a given momen- 
tum p there are four positive energy eigenvectors and 
four with negative energy. The energy momentum dis- 
persion is £^ = ± a/p^ -f m^jj corresponding to a rela- 
tivistic particle of mass rrics = \/ tiiq — m^', we impose 
mg > m| in accordance with (vi). Right away we see 
that when m§ = m2 we obtain massless neutrino os- 
cillations since mcfr = even though the mass matrix 
is non-zero. Thus VT quantum mechanics clearly al- 
lows for a quite distinct phenomenology for neutrino 
oscillations than in the conventional Dirac or Majo- 
rana framework. 

In the construction of Model 8 we find the form of 
the V and T operators: 
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(7) 

These expressions reveal another remarkable qualita- 
tive feature of Model 8, namely that the Hamiltonian 
fails to commute with both V and T although by design 
it does commute with the combined symmetry VT . 
Thus Model 8 breaks parity and time reversal even at 
the non-interacting level [8|. 

Dirac showed Lorentz invariance by verifying that 
if Mexp(ip • r) was a state of energy E and mo- 
mentum p then, for example, the boosted state 
[eyi'p{—iKxC)u\ exp(ip' • r) is an eigenfunction with 
boosted momentum p' and energy E' given by E' = 
E cosh C — Pa: sinh C,, — cosh C, — E sinh Q, p'y — py 
and p'^ = Pz- That analysis applies mutatis mutandis 
to Model 8 since it depends only on the Dirac algebra. 
Model 8 is therefore also relativistically invariant 0]. 

In the following it will be helpful to establish a nota- 
tion for the eigenfunctions of Model 8; we denote them 
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as Ui{p) exp(zp • r) where i = 1, . . . , 4 corresponds to 
positive energy states and i = 5, . . . , 8 corresponds to 
negative energy states [l^l- Model 8 has a remarkable 
discrete symmetry C that is anti-linear and analogous 
to charge conjugation for the hermitian Dirac equation. 
The transformation 



Ctp = Ki/j* where K 
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icr, 

o' 





(8) 



satisfies HoC = —CHo. Hence it converts positive 
energy states to negative energy. For i = 1,...,4 
we define C[Mi(p) exp(ip • r)] = Wi(p)exp(— ip • r). 
Evidently p) . . . W4(— p) may be identified with 

W5(p) . . .U8(P)- 

Since the m's are not eigenspinors of a hermitian 
matrix they are not orthonormal. ft is convenient 
to introduce a set of dual spinors Mi(p) that satisfy 
'u|(p)uj(p) =Sij. These orthonormality conditions are 
sufficient to specify the u's but we also note that they 
are eigenfunctions of Hjj or equivalently of Model 8 
with 7712 — * —m2. The role played by the u's is another 
interesting feature for which there is no counterpart in 
hermitian quantum mechanics, where H]j — Hj^. 

To complete the formulation of Model 8 as a VT 
quantum theory we must now specify the dynamically 
determined CVT inner product. In general, the VT 
inner product 



VT 



dr[iPT^p){r)fZ(t){r) 



(9) 



is not satisfactory because it is not positive definite: al- 
though (ip, ip)'PT is real, its sign may be positive or neg- 
ative and '>p)-pT = is possible for non-trivial states 
ijj. In general the CVT inner product is constructed by 
taking degenerate multiplets of the Hamiltonian and 
organizing them into states that are mutually orthog- 
onal under the VT inner product. For these special 
basis states the CVT inner product is defined as the 
absolute value of their VT inner product. The CVT 
inner product for other states can be determined by 
expanding in this special basis and using the assumed 
bilinearity of the CVT inner product. 

For Model 8 the plane wave eigenstates Ui exp(ip ■ r) 
are a natural basis; however they are null under the VT 
inner product and hence not suitable as a basis to de- 
fine the CVT inner product. Nonetheless suitable basis 
states can be found and by carrying out the program 
outlined in the previous paragraph we can determine 
the CVT inner product of these plane wave eigenstates. 
The end result is remarkably simple 

{ui exp[ip ■ r], exp[ip • r\)cvT ^ (27r)^(5y (5(k - p). 

(10) 



In turn this result implies that we can write the CVT 
inner product of an arbitrary pair of states as 



CPT 



0t(k)p(k)v'(k) (11) 



where V'(k) and 0(k) are 8-component wave- 
functions in Fourier space and the kernel p(k) = 
Si=i is an 8 X 8 matrix. 

Parenthetically we note that in the VT quantum me- 
chanics literature the CVT inner product is commonly 
constructed via an operator C (not to be confused with 
the charge conjugation C for Model 8). A discussion of 
C, some subtleties in the definition of the inner product 
and explicit expressions for the kernel p will be given 
elsewhere Q. 

Armed with the CVT inner product we can now de- 
termine the observables of the theory. In VT quantum 
mechanics the operators corresponding to observables 
must be CVT self-adjoint 1, i]. The CVT adjoint of 
an operator A is defined as the operator A* for which 
{A*(j),tp)cvT — {4>7^''P)cvT', an operator is self-adjoint 
if A = A*. 

Now we would like to dispatch any concern that per- 
haps Model 8 is merely an elaborate way to rewrite 
a trivial hermitian model, namely a pair of 4 x 4 
Dirac Hamiltonians, each of mass rrics, assembled 
into an 8 X 8 block. Certainly such a Dirac pair 
model also has an energy momentum dispersion E = 
±y/j^ + rn^ with four positive and four negative en- 
ergy eigenfunctions for a given momentum that we de- 
note uf"^'^{p) exp(ip-r). From the correspondence be- 
tween the eigenfunctions of the Dirac pair model and 
the eigenfunctions of Model 8, Ui{p) exp(zp • r), we can 
indeed construct a transformation that maps the Model 
8 Hamiltonian to the Dirac pair Hamiltonian. That 
transformation maps Model 8 wave- functions ^a(j) to 
Dirac pair wave- functions '(/'Dirac (r) via the convolution 



Dirac(r)= J dv' L{V-V')M^'). 



(12) 



The kernel L has a range set by the non-hcrmiticity 
parameter 7712; an explicit formula will be given else- 
where ■ That the transformation eq \12\ is non-local 
shows clearly that Model 8 and the Dirac pair model 
have different physics: if we coupled them to the same 
gauge or scalar field we would get different outcomes. 
This argument, together with the broken parity and 
time-reversal symmetry and the prospect of massless 
oscillations all clearly reveal the trans-Dirac character 
of Model 8. 

We now construct Lorentz covariant bilinears to fa- 
cilitate the study of interactions. To this end we write 
the 8-component wave-function as a column of four 
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two-component spinors , ^2 , ??i , and?72 . From the form 
of a for Model 8 we see that the upper two compo- 
nents ^1 and ^2 transform hke left handed spinors under 
boosts and rotations and rji and 772 like right-handed. 
Furthermore parity exchanges ^1 with rji and ^2 with 
7/2- Thus, just as in Dirac theory, S^jrjj and -qj^j are 
all scalars under boosts and rotations. Furthermore 
the symmetric combination ■Ci'?! + '7i'fi is a true scalar 
being invariant under parity whereas the antisymmet- 
ric combination —i{£,lrii — rjl^i) is a pseudo-scalar as 
it changes sign under parity. Similarly the currents 
(Ckj,'?lcrO) and {vlvj,-vlcrVj) arc four-vectors un- 
der boosts and rotations. By making appropriate sym- 
metric and anti-symmetric combinations we can con- 
struct currents that are true vectors or axial vectors 
under parity; here again we note the similarity to her- 
mitian field theory. Interactions can now be studied by 
Yukawa coupling the scalar bilinears to a scalar field or 
the vector currents to a gauge field Q. 

Finally we reformulate Model 8 as a quantum 
field theory. To this end we introduce particle 
and anti-particle creation and annihilation operators 
Ci(p), c*{p), di{p) and d*{p) where i — 1 ... 4. These 
operators obey the fermionic anti-commutation rela- 
tions {c,(p),c|(k)} - {d,(p),d|(k)} = S{k-p)6,,, 
and all other pairs of operators anti-commutc. In terms 
of these creation operators we may write the Model 8 
Hamiltonian as 

J dpY.^P' + mis [<(P)C»(P) + d*{p)d,{p)] . 

(13) 

Similar expressions can be written for the momentum, 
parity and other operators. Next we introduce local 
field operators 

r 

i^iv) = / rfph(p)u.(p)e^P-'- + <(pK(p)e-'P-^] 

i=i 

r{r) = E / c*(p){tl(p)e-^P-- + d.(p)«J(p)e»P-- 



i=l 



Non-hermitian quantum mechanics opens up new 
possibilities for physics beyond the standard model. 
Within the standard model neutrinos are the most nat- 
ural candidate non-hermitian fermions (although it is 
conceivable that electrons or quarks might have a small 
degree of non-hermiticity also). It is generally pre- 
sumed that neutrinos are Dirac or Majorana fermions, 
although this has not been definitively established, and 
the observation of neutrino oscillations has been used 
to infer that they have mass. The phenomenology 
of neutrinos within non-hermitian quantum mechanics 
would be different and is the subject of work in progress 
Among many other directions that deserve ex- 
ploration we mention only the most important: the 
perturbative analysis of couplings to scalar and gauge 
fields to clarify how to fit non-hermitian fermions with 
known elements of the standard model Q . 

We acknowledge a stimulating conversation with 
Carl Bender. 



The novel twist here is the appearance of u and v 
in the definition of V'*- These operators obey the 
canonical anti-commutation relation {'0a(r), 7/'J(r')} = 
SabSir — r')- Thus far we have simply re- written the 
non-interacting Model 8 in the language of canonical 
field theory. But we may now consistently treat inter- 
actions by coupling appropriate bilinears of the field 
operators to external scalar and gauge fields. A sub- 
tlety that arises in the perturbative analysis of interac- 
tions is that the dynamically determined inner product 
could also need to be recomputed perturbatively 
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One might wish to define a diflferent parity operator 
setting S — 13/ m^.^ for Model 8. This parity opera- 
tor does exchange left and right handed components 
and it also commutes with the Hamiltonian. However 
this parity operator is not an observable because it is 
not CVT self-adjoint. This criterion for observability 
is discussed later in the text. 

A more sophisticated analysis of relativistic invariance 
is to show that the states of a Dirac particle constitute 
a unitary representation of the group of boosts and 
rotations 0]. We defer such an analysis of Model 8 to 
the future. 

The Ui are chosen to be eigenfunctions of the helicity. 
Explicit formulae for the Ui will be given elsewhere. 



